
Let us consider  the dependence of the wavelength X on the Rayleigh number ,  and also on the amplitude 
and frequency of the exciting oscil lat ions.  Calculation shows that, in the above-cr i t ica l  region (IRa > Ra*), 
X is prac t ica l ly  independent of Ra and (~ (Fig. 3b). Hence the phase velocity of TCW propagation is also in- 
dependent of Ra and a and is only a function of o~'. In fact ,  increase  in a' leads to dec rease  in X; the de-  
c r ea se  is mos t  significant for small  w (w < 3) and for large  frequencies  the dependence of X on c0 markedly  
dec reased  (Fig. 3a)o 

In conclusion,  it should be noted that the resul ts  on TCW obtained in the present  work by numer ica l  cal-  
culation are  in good qualitative agreement  with those of analysis  [3, 4] and of physical  experiments  [5,6]. 

N O T A T I O N  

Gr = flgd3(I 7d I+ A0)/u 2, Grashof  number;  Ra = G r ~ P r  = f i g d 3 T d / v a ,  Rayleigh number;  a = Td/(17d! + A0), 
pa r ame te r  charac te r iz ing  the relation between the ver t ical  tempera ture  drop in the layer  and the amplitude of 
the tempera ture  oscil lat ions at the wall; 7 = (Tt - T 2 ) / d ,  ver t ioa l  tempera ture  gradient in layer ;  l ,  length of 
layer ;  d, layer  thickness;  A0, maximum amplitude of tempera ture  oscil lat ions at wall; u, kinematic viscosi ty;  
a,  thermal  conductivity; P r  = ~ , / a ,  Prandtl  number;  fi, coefficient of thermal  compressibi l i ty ;  g,  accelera t ion 
due to gravi ty;  |  dimensionless  t empera ture  in layer;  Ra*, c r i t ica l  Rayleigh number corresponding to 
loss of mechanical  equilibrium of the layer ;  u/d,  scale of velocity; d2/v, scale of t ime; co, frequency of ex- 
citing oscil lat ions;  L, depth of penetrat ion,  defined as the distance f rom the side wall at which the amplitude 
is reduced by a factor  of 10; A| (x) = 2 (1-- !c~ I )-1 [max| (x; 0.5; t)--minO (x; 0.5; t) ], amplitude of t empera tu re  o s -  
cillations in median line of cavity y = 0.5, tE [tl,t2], t 2 - t l =  2~/cc. 
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APPROXIMATE SOLUTION OF EXTENDED GRAETZ 

PROBLEM BY ORTHOGONAL COLLOCATION 

J. Villadsen and M. L. Michelson* UDC 536.242 

The method of orthogonal collocation is applied to the Graetz problem. The method allows 
a very accurate  solution to be obtained in the initial region, where the Four ier  ser ies  con- 
verges  very slowly. 

I. I n t r o d u c t i o n  

Linear partial differential equations (LPDE) are the mathematical models most commonly used to des- 
cribe engineering systems. Boundary-value problems for these equations may be solved by means of Fourier 
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T A B L E  I .  E i g e n v a l u e s  of  C l a s s i c a l  G r a e t z  P r o b l e m  (Pe ~ ~o) in 
C o m p a r i s o n  with E i g e n v a l u e s  Q_+ f o r  N = 12 

k t 2 [ 3 4 5 
I 

Fourier ~rie~ 7,3,8 41,6t 113,9 215,2 1 348,2 [ 513,9 
J m 

Difference between Fourier series and 12~ collocation 
12 -point 
collocation ! 

4" I0-I~- 5" 10-n 3" 10-s 2"10-4 0'2 [ I0,5 
l 

l 

' [ :  

i 
Fourier series 711,2 940,6 1201 '495 ] 1820 2178 f 

12-point j _  Eigenvalues 

collocation [ 
827,7 1539 3627 12243 81559 4,1.10 e 

[ 0 

s e r i e s .  F o r  e x a m p l e ,  in [2] the  f i r s t  20 e i g e n v a l u e s  and the  c o r r e s p o n d i n g  e igen func t ions  f o r  an e x t e n d e d  
G r a e t z  p r o b l e m  w e r e  ob t a ined  by the  R u n g e - - K u t t a  m e t h o d .  

HOwever ,  i t  i s  not  a t  a l l  obvious  tha t  the  c l a s s i c a l  F o u r i e r - s e r i e s  m e t h o d  a l lows  the  b a s i s  func t ion  tha t  
i s  b e s t  in t e r m s  of  the  r a t e  of  c o n v e r g e n c e  to  be c h o s e n .  In [3], f o r  e x a m p l e ,  i t  was shown tha t  to a c h i eve  the  
s a m e  d e g r e e  of  a c c u r a c y  in a p p r o x i m a t i n g  the  so lu t i on  of the  h e a t - c o n d u c t i o n  equa t ion  r e q u i r e s  many  f e w e r  
t e r m s  of  a p o l y n o m i a l  b a s i s  funct ion  than  f o r  a t r i g o n o m e t r i c  F o u r i e r  s e r i e s .  

F r o m  e x p e r i e n c e  in c o m p u t a t i o n  i t  i s  known tha t  the  a p p r o x i m a t i o n  to the  so lu t ion  of LPDE o b t a i n e d  
by m e a n s  of  f in i t e  F o u r i e r  s e r i e s  i s  good fo r  l a r g e  v a l u e s  of the  i ndependen t  v a r i a b l e s  but  p o o r  f o r  s m a l l  
v a l u e s .  

By the  o r t h o g o n a l - c o l l o c a t i o n  m e t h o d ,  the  so lu t ion  of LPDE is  o b t a i n e d  as  an e x p a n s i o n  in a f in i te  n u m -  
b e r  of  b a s i s  f unc t i ons ,  u s u a l l y  L e g e n d r e  p o l y n o m i a l s .  The  so lu t i on  r e d u c e s  to f ind ing  the  e i g e n v a l u e s  of  a 
c e r t a i n  m a t r i x .  The  f i r s t  e i genva lue  of th i s  m a t r i x  i s  u s u a l l y  e x t r e m e l y  c l o s e  to the  e i g e n v a l u e  of the  d i f f e r -  
e n t i a l  o p e r a t o r ,  but  l a r g e r  e i g e n v a l u e s  d i f f e r  m o r e  s t r o n g l y .  H o w e v e r ,  i t  i s  found tha t  the  r e s u l t i n g  so lu t i on  
i s  m o r e  a c c u r a t e  than tha t  ob t a ined  us ing  F o u r i e r  s e r i e s ,  e s p e c i a l l y  fo r  s m a l l  va lue s  of the independen t  v a r i -  
a b l e s  [3, 5, 6]. 

We s h a l l  a t t e m p t  to  f ind an exp l ana t i on  f o r  th i s  d i f f e r e n c e  in a c c u r a c y .  

2 .  E x t e n d e d  G r a e t z  P r o b l e m  

It i s  a s s u m e d  tha t  an in f in i t e  tube  of r a d i u s  R h a s  a wa l l  t e m p e r a t u r e  T O on the s e c t i o n  f r o m  z = 0 to 
z -~ ~o. At  z ~ _~o,  a Newton ian  l iqu id  i s  a d m i t t e d  to the  tube with  t e m p e r a t u r e  T b.  I t  f lows a long  the  tube  
in l a m i n a r  cond i t i ons  wi th  l i n e a r  v e l o c i t y  v z and at  z ~ ~o i t  a c q u i r e s  a t e m p e r a t u r e  T 0. The  d i f f e r e n t i a l  e q u a -  
t i ons  have  the  f o r m  

v~ -az az ~,c~ r or ~ ~ + ~z~ ] ' (1) 

where z is the longitudinal coordinate and r is the radial coordinate; T(r, z) is the temperature at the point 
(r,z); < v z > is the mean axial flow velocity; k is the thermal conductivity; cp is the specific heat; and p is 
the density of the liquid. 

We introduce the following dimensionless variables: 

r k z  z T - -  T O 
x - -  , y = - - - - - ;  O =  . ,  

R 2pcp < v~ ) R 2 Pe R Tb - -  To 
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o 
-o,2 

F i g .  1. 

-0/ 0 q/ y 

F l o w -  c o r e  t e m p e r a t u r e  ~ -  Eq. (5) - a s  a func t ion  of  
y = z / ( R P e )  f o r  v a r i o u s  P c .  

and t r a n s f o r m  Eq.  (1) to ob ta in  

O0 _ 1 O ( O0 '~ 1 OeO (2) 
( 1 - - x  ~) Oy x Ox x 8x ] 4 Pe 2 O f  

The b o u n d a r y  cond i t i ons  fo r  Eq .  (2) a r e  a s  fo l lows :  

0(1 ,  - -  o~) = 1 ,  

O0 
~0, 

0X x ~ l  .y<O 

00 ' 
~ 0~ 

ax Ix~--o 

0(1, y ~ 0 ) -  0, 
(3) 

The l a s t  t e r m  in Eq.  (2) m a y  u s u a l l y  be n e g l e c t e d ,  s i n c e  fo r  Pe  > 30-50 i t s  e f fec t  i s  v e r y  s m a l l  e v e r y -  
w h e r e  excep t  in the  r e g i o n  c l o s e  to y = 0 and tha t  c l o s e  to the  wa l l ,  w h e r e  the  c o n v e c t i v e  t e r m  v a n i s h e s ;  t h i s  
i s  shown,  fo r  e x a m p l e ,  in [1]. 

The  e igen func t ions  Fk(X) of Eq.  (2) a r e  s o l u t i o n s  of the  equa t ion  

x - e x - ~  - -  (1 - x ~) 7. - -  F = o (4) 

with b o u n d a r y  cond i t i ons  

O F  OF [ 
- - - -  : ~ 0 ,  . ~ 0 for y % 0 ,  

Ox ..... o Ox [,'~t 

F ( 1 ) = 0  for y > / 0 .  

The  so lu t i on  of Eq .  (2) is  w r i t t e n  in the f o r m  of an in f in i te  s e r i e s  

0 = 2 AkFk (x) exp ()~hg), 
0 

w h e r e  A k a r e  the  c o e f f i c i e n t s  of the F o u r i e r  s e r i e s .  

Since  the  bounda ry  cond i t ions  a t  x = 1 a r e  d i f f e r e n t  fo r  y < 0 and y >_ 0, the  e i g e n v a l u e s  and e igen fune -  
t ions  l i k e w i s e  shou ld  be found f o r  e a c h  r e g i o n :  y < 0 (X_, F_) and y >_ 0 (X+, F+) .  They  m a y  be d e t e r m i n e d  by 
n u m e r i c a l  i n t e g r a t i o n  of Eq.  (4) and a s e l e c t i o n  of X k s u c h  as  to s a t i s f y  the  bounda ry  cond i t i ons  fo r  Eq.  (4). 
S ince  Eq.  (4) is  not  a S t u r m - - I A o u v i l l e  p r o b l e m ,  the  c o e f f i c i e n t s  Ak+ and A k -  canno t  be d e t e r m i n e d  u s i n g  the  
u s u a l  s i m p l e  f o r m u l a s  but  only  n u m e r i c a l l y .  A so lu t i on  was  o b t a i n e d  by th i s  m e a n s  in [2]. H o w e v e r ,  a s  wi l l  
be s h o ~ a  be low,  f o r  s m a l l  Pe  a r o u n d  y = 0 th i s  a p p r o a c h  m a y  g ive  r e s u l t s  tha t  a r e  even  q u a l i t a t i v e l y  i n c o r r e c t .  

In ou r  a n a l y s i s ,  the  fo l lowing  quan t i t i e s  ~411 be used :  

a) the  f l o w - c o r e  t e m p e r a t u r e  ~ ' (z) ,  

PCvV~TdA =: 7 i v~P% dA' 
,4 A 
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b) the Nusse l t  n u m b e r  

Tb - -  To 

1 

= 4 ; x (1 ~ x 2) 0dx; 

0 

- 2  or__~_t 
2Rh Ox !x=l N u =  ~ = 

k T - -  To 

2 00,.., i 
OX jx=l 

(5) 

(6) 

c) the to ta l  heat  t r a n s f e r  f r o m  z = 0 to the wall  

~ l Or =R 
0 

o r  

Y 
J, J" = S O0 du (7) 

] =  - J |  " = ~R 2 ( v= ) O% ( T b -  T O ) - - 4  Ox i~=t ~" 
0 

As Pe  --* ~o, we have the l imi t ing  values  

0(0) = 1 ;  J = 1 - 0 .  (8) 

3 .  N u m e r i c a l  S o l u t i o n  

We find the n u m e r i c a l  solut ion of Eqs .  (2) and (3) by the o r t hogona l - co l l oca t i on  method .  We define the 
fol lowing v e c t o r s :  {xi} = x  is the v e c t o r  of  the co l loca t ion -po in t  a b s c i s s a ;  {ui} = {x~] = u  is the v e c t o r  of the 
z e r o  of  the d i s p l a c e m e n t  Legendre  po lynomia l  PN(U) of  d e g r e e  N; 

O0 (x. y) = ~o (y). 
{03 = 0(x,, y) = o(v), {~'} = o--T- 

We a lso  e o n s t r u e t  the d iagonal  m a t r i c e s  U = {uii] and =V = {1 --uii}. Using this nota t ion,  the follo~4ng co l loca -  
t ion equat ion may  be obtained:  

dO dqv (9) 
dy -- (9--; dy Pe 2 V ~ --4Pe ~ (U _B + A) 0. 

The  m a t r i c e s  A and B f o r  d0 /dy  and d20/du 2 a r e  c o n s t r u c t e d  s i m i l a r l y .  An app rox ima t ion  fo r  0 is ob-  
ta ined by the L a g r a n g e  in te rpola t ion  f o r m u l a ,  us ing N co l loca t ion  points  t o g e t h e r  with the point u = 1 and,  in 
s o m e  c a s e s ,  a lso  the point  u = 0. Thus ,  fo r  N + 2 po in t s ,  we have the fol lowing approx ima t ion  fo r  0: 

where  

N+ 1 N:..I 

Z p(U) O ( . i ) =  Z Pj (u )  Oj, 0 (u) 
(u - -  uj) #1,  (uA 

/=0 j=O 

dO ! 
~ !u=u i 

p (u.) = u (u - -  u~) . . .  ( u  - -  u . )  (u  - -  1) 

dp 

N+I 

= j o,-_ Z o,,,_,. ,.:, o ,_ 
i=o  iu=u~ i=o 

N-- 1 N+ 1 

~q+1 

~ A.0;; 
i=0 

At each  of  the co l loca t ion  points  u i the f i r s t  and second  de r iva t i ve s  of  0 a r e  ca lcu la ted  as  the weighted 
sum o f N  + 2 o rd ina t e s :  0(0) . . . . .  0(ui) , . . . .  0(1). The f o r m u l a  is e spec i a l l y  convenient  when e(0) and 0(1) a r e  
given.  In our  e a s e ,  both 0(0) and 0(I) a re  unknown fo r  y < 0, while 0(1) = 0 f o r  y >_0. T h e r e f o r e ,  i t  is n e c e s -  
s a r y  to use  an in te rpo la t ion  po lynomia l  of o r d e r  N + I :  p(u) = (u --ul)  . . .  (u --UN) (u - -1) .  
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aaa/ qoz s,/ y 

F i g .  2. Nu - -  Eq.  (6) - -  a s  a funct ion  of  y f o r  v a r i o u s  Pc .  

J 

0,o5 

0,0/ 

~002 
2#~ /C a Y 

Fig. 3. Dependence of heat flow J -- Eq. (7) -- on y 
as Pe -~ oc. Curve C shows the results given by 12- 

point collocation and by Eq. (12), while A and B cor- 

respond to Fourier series with 12 and 30 terms. 

F o r  the  v a r i a b l e  u = x 2, the L a p l a c e  o p e r a t o r  in Eq.  (2) t a k e s  the  f o r m  

x : 4  u 
x d x  ,. du 2 du 

Subs t i tu t ion  of the  c o l l o c a t i o n  v e c t o r s  u, 0, ~ and the m a t r i c e s  b ' ,  V_, _4 = {Aij}, B_ : {=Bij } in Eq.  (2) a l so  
l e a d s  to the  s y s t e m  of 2N o r d i n a r y  d i f f e r e n t i a l  equa t ions  with c o n s t a n t  c o e f f i c i e n t s  in Eq.  (9). 

F o r  y >- 0 and 0 (1) = 0, the  g iven  c a l c u l a t i o n  s c h e m e  can  be u sed  d i r e c t l y .  F o r  y < 0, an add i t i ona l  (2N + 
1) - th  equa t ion  i s  f o r m u l a t e d ,  c o r r e s p o n d i n g  to the  bounda ry  cond i t ion  DO/DUlu, = l , y  < 0 = 0: 

N--I 

d u  !u=1 ,y<O 1= I 

A^~+~ ,i 0j = 0. 

The solution of Eq. (9) is sought in the form 

d ~  = Q~F, ~F = (01 . . . . .  O~, % . . . . .  %v), 
@ = _ 

= --4Pe 2 ( U B + A )  Pe *V J -IQ=_ for y < 0 ,  
(10) 

~ = exp (Qy} ~0 = Sexp (Ay) S -I ~o- (11) 
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The diagonal mat r ix  A contains 2N eigenvalues ~.  Of the eigenvalues _Q+, N are positive and N are  
negative. Since �9 should b~ finite for all y > 0, the se r ies  of matr ices  S -1 which cor responds  to positive 
eigenvalues should be orthogonal to the vec tor  _~0. Of the eigenvalues Q_, N -- 1 are  negative, N are posi-  
t ive,  and one is equal to zero .  The se r i e s  S -1 which corresponds  to negative eigenvalues should be or thog-  
onal to ~I, 0 for  the same reason.  Thus we have 2N -- 1 equations for the components of the vector  if0. The 
2N-th equation follows f rom the condition 0 (y) --* 1 as y --- ~. 

The genera l  solution 0 (y) is now obtained by the diagonalization of the two 2N x 2N mat r ices  Q+ and Q_ 
and the subsequent solution of 2N l inear  algebraic equations by the method of Gauss exclusion. The sca la r  
quantity in Eq. (5) is obtained by Gauss quadrature over  the collocation points of the vector  Off). 

4 .  D i s c u s s i o n  of  R e s u l t s  

Table 1 presents  a compar ison  of the eigenvalues k k of the mat r ix  _Q_+ for  Pe --" oo and for N = 12 with the 
eigenvalues of the differential opera tor .  The f i rs t  two values are  equal, within the accuracy  of the calculation. 
This means that the solutions O(y) o r  0(y) are  good approximations to the accura te  solution for  "large" y. 

As is evident in Fig. I ,  the function 0(y) is pract ical ly  independent of Pe for Pe > 50, except for  a small  
region in the vicinity of y = 0. In Fig. 2, the function Nu(y) [6] is shown for  various Pc.  A s imi la r  figure is 
shown in [2], but there  the curves  reached a finite value as y --- 0 for  Pe < 10, which contradicts  the experi-  
mentally observed dependence Nu ~ (yPe) -I /2 for  Pe < 10 [12]. Our curves  agree with this resul t .  

In [13] the following empir ica l  relation was found: 

J (Pc-+ co) = 1 - -  0 ---- 4.0698y -~/3, (12) 

which is t rue with accuracy  5% for  y < 10 -3. 

In Fig. 3 curves  of J(y) calculated using 12 and 30 t e rms  of the Four ie r  se r ies  are  shown (dashed curves) 
together with a curve calculated by 12-point collocation and the curve given by Eq. (12) (the last two curves  
coincide and a re  shown by the solid curve in Fig. 3). F r o m  Fig. 3 it is evident that the finite Four ie r  se r ies  
does not cor respond to Eq. (12), while the polynomial ser ies  is very close to Eq. (12) beyond y = 10 -5. In the 
limit as y--~ 0, of course ,  the curves diverge,  since the infinite derivative 80/~x I cannot be r ep re -  

x = l ,y  =0 
sented as a polynomial.  It is found that, at y = 2.10 -5, the accuracy  obtained in 12-point collocation would 
require  more  than 100 t e rms  of the Four ie r  ser ies  to be taken into account. 

This may be a resul t  of the rapid increase  in the eigenvalues of the matr ix  Q=+ (see Table 1). Thecond i -  
tion for  a ser ies  of N t e rms  to give sa t i s fac tory  accuracy  is that ANy >> 1. This condition is bet ter  sat isf ied 
by the collocation ser ies  (llZ = 4.1" 106) than by the Four ie r  ser ies  (A12 = 2178). 

Thus,  in a number  of ca ses ,  the proposed method gives resul ts  for  the solution of a boundary-value 
problem that a re  better  f rom both a physical  and a mathematical  point of view than those obtained using Fou- 

r i e r  se r i es .  
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